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Abstract 
Pearson Chi-square and Log-Likelihood Ratio test statistics are frequently used in the analysis 
of relations between categorical variables which are placed on the rows and columns of cross-
tables. However, there is not very clear information in the literature in terms of the results 
from different conditions of the test statistics; hence researchers don’t resolve which test is 
used most of the time. This study aims to compare both tests in variety conditions with regard 
to type I error rate which plays an important role in the selection of the tests. As results of 
simulation, when the total sample size is over 100 and regardless balanced or unbalanced of 
marginal row and column probabilities, type I errors rates of both test are similar to each other 
and are observed at 5% level. Marginal row and column probabilities is balance (and 
unbalance) in square tables when sample size is less and 100 type I error rate of Pearson Chi-
square is at 5% but type I error rate of Log-Likelihood Ratio is more 5%. As a consequence, 
Log-Likelihood Ratio test is more adversely affected by the structure of table 
(square/rectangular), sample size, and the balanced/unbalanced marginal row and/or column 
probabilities than Pearson Chi-square test. Generally Pearson Chi-square test is robust test. 
 
Keywords:  Pearson chi-square, log-likelihood ratio, cross-table, type I error. 
 
 
1. Introduction 
RC table or two-way cross table is a table 
which is formed by the cross classification 
of two qualitative variables with two or 
more levels (1). The relations between the 
categorical features inserted in the rows 
and columns of the table are broadly 
studied with Pearson Chi-square, Log-
Likelihood Ratio or Fisher-Freeman-
Halton test (2-6). These tests are widely 

used also for research studies in the field of 
health. These tests are known to be 
asymptotically equivalent to each other (7-
11). However, a vast number of 
rules/hypotheses (total sample size, the 
number of cell, the number of empty cell, 
observed frequency value, marginal 
row/column probability distribution, sparse 
cells) regarding the application of  Pearson 
Chi-square and Log-Likelihood Ratio (LR) 
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test statistics are found in the literature 
(2,3,7,9-15). It is seen that the criterion 
developed by Cochran (13) for 22 
dimensional tables is frequently used in 
researches and statistical programs which 
present the table information based on this 
criterion are also available. Yet, a general 
rule on the validity of this criterion for 
RC tables has not been established. 
Therefore, researchers usually cannot reach 
to a definite decision on which test to use 
in optional cases. Pearson Chi-square test 
was proven to be more robust than LR test 
in terms of type I error in the majority of 
the studies that compared these test 
statistics in respect to type I error and 
power in different conditions (3-11,14-18). 
However, findings on that LR test 
performs better when there is no difference 
between the test statistics or, in particular, 
in the case of poorly balanced designs are 
also available (2,4,17). Therefore, the two 
tests in question are aimed to be tested in 
various conditions in respect to the 
probability of type I error which plays a 
significant role in test selection.  
 
2. Materials and methods 
General display of an RC table consisting 
of two qualitative variables with two or 
more levels is given in equation1 (1,19). 
 

                                                                                                   
(1) 

 
 

 denotes the cell value in row i and 
column j;  indicates the total value of 
row i.  denotes the total value of 
column j while n represents the total 
sample size (i = 1,2,…,r; j = 1,2,…,c).   
Marginal probabilities are calculated 
through equations 2 and 3 when  is the 

classification probability of an observation 
in row i and column j.  

The null hypothesis which indicates that 
joint probabilities are equal to the 
multiplication of marginal probabilities 
actually points to statistical independency 
(equation4). Statistical independency can 
also be tested with Pearson Chi-square and 
LR statistics (1,19).  
 

 
2.1. Pearson Chi-Square Test Statistic 
 Pearson Chi-square is one of the most 
widely used statistics in testing the row and 
column independency defined in 
equation4 for RC tables. Test statistic is 
given in equation5.  

 
P value of Pearson Chi-square statistic 
calculated with Exact method can be 
defined as follows (19). 
 

     
2.2. Log-Likelihood Ratio Test Statistic 
Log-Likelihood Ratio (LR) test is used as 
an alternative to Pearson Chi-square test 
for testing the statistical independency in 
RC tables.   

 
P value of LR test statistic calculated with 
Exact method is given in Equation8 (19). 
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In this study, 23, 25, 33 and 44 cross 
tables were constructed based on statistical 
independency through random data 
derivation from discrete distribution in 
accordance with each of the conditions 
given below. In addition, the total of first 
row was assumed to be higher than the 
totals of other rows on purpose in the 
tables with unbalanced distribution of 
marginal column probabilities. Each 
condition was repeated for 5000 times to 
calculate the observed type I errors of 
Pearson Chi-square and LR test statistics.  
 Condition 1: Cross table with a 

sample size of 1000 and a balanced 
distribution of marginal row/column 
probabilities  

 Condition 2: Cross table with a 
sample size of 100 and a balanced 
distribution of marginal row/column 
probabilities  

 Condition 3: Cross table with a 
sample size of 50 and a balanced 
distribution of marginal row/column 
probabilities  

 Condition 4: Cross table with a 
sample size of 1000 and an 
unbalanced distribution of marginal 
row/column probabilities  

 Condition 5: Cross table with a 
sample size of 100 and an unbalanced 
distribution of marginal row/column 
probabilities  

 Condition 6: Cross table with a 
sample size of 50 and an unbalanced 
distribution of marginal row/column 
probabilities  

 
 
3. Results 
The simulation results of type I error 
probabilities observed in Pearson Chi-
square and LR test statistics calculated for 
each condition in square and rectangular 
tables were obtained. The simulation 
results of 23 cross table are given in 
Table 1. It is seen that the Type I error 
probabilities obtained from Pearson Chi-
square and LR tests are similar and 
approximately 5% in Conditions 1, 2 and 
4. When Condition 3 was studied, it was 
seen that Type I error rates of both tests 
were above the initially determined level. 
As for Conditions 5 and 6, it is seen that 
Type I error probability value observed in 
Pearson Chi-square is closer to 5% yet type 
I error rate obtained from LR is above 5%.   
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Table 1. Simulation Results of 2×3 Cross Table 
 

Conditions Observed Type I 
Error Rate Condition No. 

(Sample Size)  Expected Frequencies 
Marginal 
Column 

Probabilities Pearson 2 LR 

150 150 200 0.5 Expected 
Frequencies 150 150 200 0.5 1 

(n=1000) Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0496 0.0498 

15 15 20 0.5 Expected 
Frequencies 15 15 20 0.5 2 

(n=100) Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0486 0.0504 

7.5 7.5 10 0.5 Expected 
Frequencies 7.5 7.5 10 0.5 3 

(n=50) Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0566 0.0616 

210 210 280 0.7 Expected 
Frequencies 90 90 120 0.3 4 

(n=1000) Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0502 0.0496 

21 21 28 0.7 Expected 
Frequencies 9 9 12 0.3 5 

(n=100) Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0490 0.0608 

10.5 10.5 14 0.7 Expected 
Frequencies 4.5 4.5 6 0.3 6 

(n=50) Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0516 0.0660 

LR: Log-Likelihood Ratio 

 

The results of the simulation conducted for 
different conditions in 25 cross table are 
given in Table 2. It is seen that the Type I 
error probabilities of Pearson Chi-square 
and LR tests are notably close to 5% in 
Condition 1. While the type I error 
probability observed with Pearson Chi-
square is below 5%, type I error 
probability of LR is closer to 5% in 
Condition 2. As for Condition 3, type I 
error probability of Pearson Chi-square test 

was below 5%, yet the value from LR test 
was above 5%. According to the results in 
Condition 4, it is seen that type I error 
probability of LR test is somewhat higher 
than the level of 5% (and higher than the 
value obtained from Pearson Chi-square 
test). In Conditions 5 and 6, it is seen that 
type I error rates observed as a result of  
Pearson Chi-square test are around 5% yet 
the type I error probability values of LR 
test are above 5%.  

 

 



                                                                                      Original Article      
                       International Journal of Basic and Clinical Studies (IJBCS) 
                                         2013;2(2): 94-104  Cangur S, Ankarali H  
 

 98 

Table 2. Simulation Results of 2×5 Cross Table 
Conditions Observed Type I 

Error Rate 
Condition No 
(Sample Size)  Expected Frequencies 

Marginal 
Column 

Probabilities 
Pearson 

2 LR 

100 100 100 100 100 0.5 Expected 
Frequencies 100 100 100 100 100 0.5 1 

(n=1000) Marginal Row 
Probabilities 0.2 0.2 0.2 0.2 0.2 1.00 

0.0524 0.0528 

10 10 10 10 10 0.5 Expected 
Frequencies 10 10 10 10 10 0.5 2 

(n=100) Marginal Row 
Probabilities 0.2 0.2 0.2 0.2 0.2 1.00 

0.0430 0.0498 

5 5 5 5 5 0.5 Expected 
Frequencies 5 5 5 5 5 0.5 3 

(n=50) Marginal Row 
Probabilities 0.2 0.2 0.2 0.2 0.2 1.00 

0.0444 0.0694 

210 140 140 140 70 0.7 Expected 
Frequencies 90 60 60 60 30 0.3 4 

(n=1000) Marginal Row 
Probabilities 0.3 0.2 0.2 0.2 0.1 1.00 

0.0542 0.0554 

21 14 14 14 7 0.7 Expected 
Frequencies 9 6 6 6 3 0.3 5 

(n=100) Marginal Row 
Probabilities 0.3 0.2 0.2 0.2 0.1 1.00 

0.0466 0.0602 

10.5 7 7 7 3.5 0.7 Expected 
Frequencies 4.5 3 3 3 1.5 0.3 6 

(n=50) Marginal Row 
Probabilities 0.3 0.2 0.2 0.2 0.1 1.00 

0.0518 0.0796 

LR: Log-Likelihood Ratio 

 

 

Simulation results for 33 cross table are 
given in Table 3. It was observed that the 
type I error probabilities of Pearson Chi-
square and LR tests are around 5% in 
Conditions 1 and 4. It is seen that type I 

error probability values of Pearson Chi-
square test are around 5%, however type I 
error probability values observed with LR 
are above 5% in Conditions 2, 3, 5 and 6.  
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Table 3. Simulation Results of 3×3 Cross Table 
Conditions Observed Type I Error 

Rate 
Condition No. 
(Sample Size)  Expected Frequencies 

Marginal 
Column 

Probabilities Pearson 2 LR 

90 90 120 0.3 
90 90 120 0.3 Expected 

Frequencies 
120 120 160 0.4 

1 
(n=1000) 

 Marginal Row 
Probabilities 0.3 0.3 0.4 1.00 

0.0516 0.0522 

9 9 12 0.3 
9 9 12 0.3 Expected 

Frequencies 12 12 16 0.4 2 
(n=100) Marginal Row 

Probabilities 0.3 0.3 0.4 1.00 

0.0506 0.0584 

4.5 4.5 6 0.3 
4.5 4.5 6 0.3 Expected 

Frequencies 6 6 8 0.4 

 
3 

(n=50) 
 Marginal Row 

Probabilities 0.3 0.3 0.4 1.00 

0.0494 0.0704 

360 60 180 0.6 
60 10 30 0.1 Expected 

Frequencies 180 30 90 0.3 4 
(n=1000) Marginal Row 

Probabilities 0.6 0.1 0.3 1.00 

0.0504 0.0538 

36 6 18 0.6 
6 1 3 0.1 Expected 

Frequencies 18 3 9 0.3 

 
5 

(n=100) 
 Marginal Row 

Probabilities 0.6 0.1 0.3 1.00 

0.0468 0.0640 

18 3 9 0.6 
3 0.5 1.5 0.1 Expected 

Frequencies 9 1.5 4.5 0.3 6 
(n=50) Marginal Row 

Probabilities 0.6 0.1 0.3 1.00 

0.0508 
 

0.0580 
 

LR: Log-Likelihood Ratio 

 

Simulation results of 44 cross table are 
indicated in Table 4. In all of the 
conditions, type I error probabilities of 
Pearson Chi-square test were observed to 
be around 5%. It was determined that type 

I error probability observed in LR test was 
close to the expected value in only 
Condition 1 while these were considerably 
above 5% in all of the remaining 
conditions.  
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Table 4. Simulation Results of 4×4 Cross Table 
Conditions Observed Type I 

Error Rate Condition 
No. 

(Sample 
Size) 

 Expected Frequencies 
Marginal 
Column 

Probabilities Pearson 2 LR 

62.5 62.5 62.5 62.5 0.25 
62.5 62.5 62.5 62.5 0.25 
62.5 62.5 62.5 62.5 0.25 

Expected 
Frequencies 

62.5 62.5 62.5 62.5 0.25 1 (n=1000) 

Marginal Row 
Probabilities 0.25 0.25 0.25 0.25 1.00 

0.0452 0.0476 

6.25 6.25 6.25 6.25 0.25 
6.25 6.25 6.25 6.25 0.25 
6.25 6.25 6.25 6.25 0.25 

Expected 
Frequencies 

6.25 6.25 6.25 6.25 0.25 
2 

(n=100) 
Marginal Row 
Probabilities 0.25 0.25 0.25 0.25 1.00 

0.0486 0.0656 

3.125 3.125 3.125 3.125 0.25 
3.125 3.125 3.125 3.125 0.25 
3.125 3.125 3.125 3.125 0.25 

Expected 
Frequencies 

3.125 3.125 3.125 3.125 0.25 
3 

(n=50) 
Marginal Row 
Probabilities 0.25 0.25 0.25 0.25 1.00 

0.0476 0.1042 

160 120 80 40 0.4 
120 90 60 30 0.3 
80 60 40 20 0.2 

Expected 
Frequencies 

40 30 20 10 0.1 4 (n=1000) 

Marginal Row 
Probabilities 0.4 0.3 0.2 0.1 1.00 

0.0538 0.0568 

16 12 8 4 0.4 
12 9 6 3 0.3 
8 6 4 2 0.2 

Expected 
Frequencies 

4 3 2 1 0.1 
5 

(n=100) 
Marginal Row 
Probabilities 0.4 0.3 0.2 0.1 1.00 

0.0476 0.0746 

8 6 4 2 0.4 
6 4.5 3 1.5 0.3 
4 3 2 1 0.2 

Expected 
Frequencies 

2 1.5 1 0.5 0.1 
6 

(n=50) 
Marginal Row 
Probabilities 0.4 0.3 0.2 0.1 1.00 

0.0446 0.0820 

LR: Log-Likelihood Ratio 
 
4. Discussion 
In this study,  Pearson Chi-square and LR 
test statistics were compared in respect to 
observed type I error probabilities in RC 
(R or C>2) tables constructed in different 
conditions, in which null hypothesis 
indicating the independency of two 
qualitative variables is valid. As a result of 
the literature review, it is seen that Monte 

Carlo studies are conducted to examine the 
behaviors of  Pearson Chi-square and/or 
LR statistics in small or medium sample 
sizes (see: 2,3,6,8-10,13-15,20). In the 
majority of these studies, Pearson Chi-
squared test was found to be of superior 
performance than LR test in respect to type 
I or power (3,11,12,14,17,19), and still 
study results indicating that LR test 
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statistic is higher than  Pearson Chi-square 
test in advantage in terms of type I error 
and power were also encountered in certain 
cases (2,4,17). It was observed in the 
studies from which these findings were 
yielded that marginal rows totals were 
assumed to be equal or the total value of 
first row was assumed to be higher (3 
times) than the totals of the other rows or 
sample size was small as well. As a result 
of the simulation we conducted by taking 
the conditions from which these results 
were obtained into consideration; it is seen 
that the observed type I errors of both tests 
are similar and keep 5% error level which 
was initially designated when sample size 
is above 100 in 23 and 25 cross tables 
whether marginal row probabilities are 
balanced or unbalanced. It was observed 
that  Pearson Chi-square test kept the 
initially designated error level in both 
cases of balanced and unbalanced marginal 
row probabilities in 23 cross table on the 
contrary to LR test which exhibited the 
expected behavior only in cases of 
balanced marginal row probabilities 
distributions (n=100). However, it was 
determined that  Pearson Chi-square test 
rejected less ( 5), while LR test rejected 
more hypotheses than expected when the 
sample size was 100 and below in 25 
cross table with balanced marginal row 
probabilities distribution. This result which 
was yielded from LR test is observed more 
clearly as the distribution of row and 
column probabilities tend to become more 
unbalanced with the decreasing sample 
size. In 23 and 25 cross tables, it was 
determined that LR test could not keep 5% 
error level in both cases of marginal row 
probability distribution when sample size 
was 50, yet  Pearson Chi-square test could 
keep 5% level in general. Bradley et al. (3) 
found in RC tables (22, 23, 33, 34, 
44) constructed in differing conditions 
(marginal probability distribution, sample 
size) that type I error rates of  Pearson Chi-

square independency test were greater than 
0.06 in cases of extremely skewed 
marginal probability distributions and 
small samples. Conclusively, they reached 
the decision that the test could reliably be 
used in all cases that could be encountered 
in practice. It is seen that this decision is in 
compliance with the findings of this study. 
Hosmane (14) compared Pearson Chi-
square and LR tests either with or without 
modification in two-way tables (2299) 
with sample sizes varying from 10 to 190. 
He found that Pearson Chi-square statistic 
gives the best results without requiring any 
modifications as well. It is seen that these 
results are in compliance with the findings 
of this study. Koehler (15) studied 
observed type I errors and powers of test 
statistics which also included Pearson Chi-
square and LR tests in two-way, three-way 
and  tables in different conditions (sample 
size, expected frequencies, empty or sparse 

cells, etc.). Other than a part of 
the tables with empty/sparse cells 

and very small and medium sized expected 
frequencies, he found out that Pearson Chi-
square test yields acceptable results. He 
presented that the other asymptotic 
statistics included in the study could be 
preferred to Pearson Chi-square and LR 
statistics in very large tables as well as 
tables with empty cells. It could be 
mentioned that only the results from 
Pearson Chi-square test are in compliance 
with our findings. Rudas (11) observed that  
Pearson Chi-square, LR and Cressie & 
Read statistics gave similar results in 
general in two-way (2224, 26, 33, 
36, 56) and three-way (222335) 
tables for sample sizes varying from 15 to 
150. However, he stated that Pearson Chi-
square (or Cressie & Read) statistic gave 
more appropriate results than LR test 
statistic in small samples. It is seen that 
these results are similar to our findings. 
Agresti and Yang (2) found that Pearson 
Chi-square test, which was studied in 
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different sample sizes (n=50 or 100) in 
two-way cross tables (231010), gives 
acceptable results in cases where the 
expected cell frequency is not smaller than 
1. Furthermore, they found that LR test is 
superior to Pearson Chi-square in many 
cases where two unsaturated models were 
compared. Although the results obtained 
from Pearson Chi-square test show 
similarity to our findings, it is clear that the 
findings from LR test do not comply with 
our findings. Davis (16) compared nine test 
statistics including also Pearson Chi-square 
and LR test statistic in two-way cross 
tables (2325, 3335, 4445) 
constructed in different conditions 
(expected cell frequency value, marginal 
row total, marginal column total) and in 
different sample sizes (n=7-1160)) in 
respect to type I error probabilities and 
Root Mean Square Error of Approximation 
(RMSEA) values. He found that Pearson 
Chi-square test is among the statistics with 
the highest performance, yet the 
performance of LR test was notably poor. 
These results are in parallel to our findings. 
Lydersen et al. (4) obtained P values of  
Pearson Chi-square, LR and Fisher-
Freeman-Halton test statistics in RC 
tables (3×2, 2×3, 3×3) constructed in 
different conditions (marginal row totals 
and probabilities, small and medium 
sample sizes) with different methods (exact 
conditional, exact conditional mid-p and 
randomized tests) to compare type I error 
probabilities and powers of these. In 33 
tables with the equal row totals where  
is taken as the smallest value and where 
sample size is small (n=15-135), the power 
of LR test was found to be greater than 
Pearson Chi-square. Furthermore, the 
power of LR test is higher that Pearson 
Chi-square in 23 table with equal row 
total and smaller than 7. In 32 table with 
equal , they found that observed type I 
error of LR test was closer to the initially 
designated level than Pearson Chi-square 

in the cases that the total of first row is 
three-fold of other row totals. No 
compliance was observed between the 
results of LR test yielded by Lydersen et 
al. (4) and our findings. Lydersen et al. 
(18) obtained P values of  Pearson Chi-
square, LR and Fisher-Freeman-Halton test 
statistics with different methods 
(asymptotic, exact, exact randomization, 
exact-mid-p) in RC (32, 43, 39) 
tables with small samples, balanced, 
unbalanced and considerably unbalanced 
distribution of marginal rows and columns, 
and in which the total of first row was 
assumed to be the smallest in unbalanced 
designs to compare these in respect to type 
I error probabilities and powers. 
Considering Exact P values, they found 
that type I error probability values of 
Pearson, LR and Fisher-Freeman-Halton 
were below the error level attributed at the 
beginning and similar to each other. It can 
be mentioned that the results of this study 
only comply with our findings from 
Pearson Chi-square test (25 balanced 
table and n100). Also, Lydersen et al. 
(18) observed that LR test was somewhat 
stronger than Pearson Chi-square test when 
at least two of marginal column 
probabilities were different and the sum of 
first row was assumed to be the smallest. It 
is clear that these results are not in parallel 
to our findings. The results reached by 
Lydersen et al. (18) were not yielded in 
this study conducted in RC tables by 
assuming the total of the initial row as the 
greatest on purpose.  
Regardless of the balance or unbalance of 
marginal row probabilities and sample size 
in 33 and 44 cross tables, it is seen that 
Pearson Chi-square test keeps the initially 
designated 5% error level. It was 
determined that LR test cannot keep 5% 
error level in neither balanced nor 
unbalanced distribution of marginal row 
probabilities and tends to reject a greater 
number of hypotheses except for when 
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sample size is 1000. This result from LR 
test is observed more clearly particularly 
with the increased table size and decreased 
sample sizes. It is seen that our findings are 
in compliance with the study results of 
Bradley et al. (3), Rudas (11), Hosmane 
(14) and Davis (16) while they do not 
comply with Agresti & Yang (2) and 
Lydersen et al. (4). Lydersen & Laake (17) 
compared P values of  Pearson Chi-square, 
LR and Fisher-Freeman-Halton test 
statistics obtained with different exact 
methods (standard, mid-p and randomized 
version) in 22 tables created with 
binomial and multinomial sampling in 
respect to their type I error probabilities 
and powers. They stated that Pearson Chi-
square is stronger than LR test in numerous 
conditions; however, LR test performed 
quite well in poorly balanced designs. This 
result from LR test does not comply with 
our findings obtained from square tables; 
therefore it is not possible to be 
generalized.   
Furthermore, if we study the type I error 
probabilities obtained from both test 
statistics in each condition according to the 
definition of liberal robustness 

 introduced by 
Bradley (12), we could state that the type I 
error probability values of  Pearson Chi-
square test is within the recommended 
range. Yet in small samples (n=50), 25 
cross tables with balanced distributions of 
marginal row probabilities as well as in 
44 cross tables with both balanced and 
unbalanced marginal row/column 
probabilities distributions, we can conclude 
that type I error probability values of LR 
test statistic exceed the mentioned range 
value and it is an extremely liberal test in 
type I error control.  
Conclusively, it was seen that sample size, 
square or rectangular structure of table and 
balanced or unbalanced marginal 
row/column probabilities effects the 
observed type I error rate of LR test more 

negatively (positive-biased), yet  Pearson 
Chi-square test is a robust test in general. It 
is clear that the results and suggestions 
obtained from this study should be taken 
into consideration in the medical 
researches.  
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